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Recently, Li and Bambi proposed a hypothesis that the event horizon of a regular black hole can be destroyed
because these objects have no gravitational singularity and therefore they are not protected by the weak cos-
mic censorship conjecture (WCCC). In this paper, to test their hypothesis, we perform the new version of the
gedanken experiments proposed by Sorce and Wald to overcharge a near extremal static electrically regular
black hole. After introducing the stability condition of the spacetime and the null energy condition of matter
fields, we derive the first-order and second-order perturbation inequalities of the perturbation matter fields based
on the Iyer-Wald formalism. As a result, we find that these regular black holes cannot be destroyed under the
second-order approximation after these two perturbation inequalities are taken into account, even though they
are not protected by the WCCC. Our results indicate that there might be some deeper mechanisms to protect the
event horizon of the black holes.
I. INTRODUCTION
A gravitational singularity is usually mathematically ill-
defined which leads to the invalidity of predictability of space-
time. Therefore, Penrose formulated the weak cosmic censor-
ship conjecture (WCCC) to ensure the causality of the space-
time. This conjecture states that the gravitational singularity
must be hidden inside the event horizon such that it will not be
detected by distant observers out of the horizon [1]. To test the
validity of this conjecture, Wald proposed a gedanken exper-
iment to see whether the event horizon of an extremal Kerr-
Newman (KN) black hole would be destroyed after throwing
a test particle into it [2]. As a result, they found that the ex-
tremal KN black holes cannot be destroyed in this way un-
der the first-order approximation of perturbation [2]. How-
ever, this experiment depends on two important factors: the
initially extremal condition and the first-order approximation.
Later, Hubeny extended the discussion to the nearly extremal
KN black holes and took the second-order perturbation into
account. He showed that the WCCC can be destroyed in this
case [3–8]. In the following years, the WCCC received lots of
attention and was considered in various gravitational theories
[9–25].
However, when considering the second-order approxima-
tion, the spacetime cannot be easily treated as a background.
We need to consider the full dynamical evolution of the space-
time geometry and the perturbation matter fields. There-
fore, Sorce and Wald recently proposed a new version of
the gadenken experiment without explicit analysis of the tra-
jectories of the test particles or evolution of the test fields
[26]. After introducing the null energy condition of the mat-
ter fields, they obtained a perturbation inequality for energy,
angular momenta, and electric charge of the black hole un-
der the second-order approximation. After this second-order
perturbation inequality is taken into account, they showed that
these nearly extremal KN black holes cannot be overcharged
or overspun at this level.
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Recently, this new experiment has also been applied to
some other stationary black holes [28–35] which all showed
that the nearly extremal black holes cannot be destroyed un-
der the second-order approximation. We could see that all
these black holes have a gravitational singularity inside the
event horizon. If there is not a singularity in spacetime, the
black holes will not be protected by the WCCC. Therefore,
it is natural to ask whether it is possible to destroy a regular
black hole. In 2013, Li and Bambi [36] studied the possibility
of destroying the event horizon of regular black holes. They
found that the rotating Bardeen and Hayward black holes can
be overspun by throwing a test particle under the second-order
approximation. Thus they proposed that there are some pos-
sibilities to destroy the regular black holes and then distant
observers could see inside these black holes. However, their
discussion is restricted to the old version of the gedanken ex-
periments. For the story to be truly consistent, it is necessary
to extend the investigation into the new version. Moreover,
it has been shown in [37] that there is some irrationality in a
class of the rotating regular black hole solutions, which con-
tain the rotating Bardeen and Hayward black hole solutions.
In such cases, we cannot find the Lagrangian density of the
nonlinear electromagnetic field. Thus, in this paper, to test
their hypothesis, we would like to apply the new version of the
gendanken experiments to the static electrically regular black
holes and investigate whether the event horizon could also be
destroyed under the second-order approximation.
The organization of this paper is as follows: in section II,
we discuss the spacetime geometry of the static electrically
regular black holes perturbed by the spherically matter col-
lision. In section III, based on the Iyer-Wald formalism as
well as the null energy condition, we derive the first-order
and second-order perturbation inequalities of the perturbation
matter fields. In section IV, we perform the new version
of the gedanken experiments to destroy the nearly extremal
static electrically regular black holes under the second-order
approximation of the perturbation. Our conclusions are shown
in section V.
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2II. ELECTRIC REGULAR BLACK HOLEWITH
SPHERICAL MATTER COLLISION
In this section, we start by introducing the setup of the new
version of the gedanken experiments. The Lagrangian four-
form of the static electrically regular black holes is given by
L=

16pi
[R−h(F )]+Lmt, (1)
whereF =FabFab, F = dA is the strength of the electromag-
netic field A, R is the Ricci scalar related to the metric gab, 
is the volume element four-form, and Lmt is the Lagrangian
of the perturbation matter fields. The equations of motion can
be written as
Rab− 12Rgab = 8pi
(
TEMab +T
mt
ab
)
, ∇aGab = 4pi jb, (2)
where
TEMab =
1
4pi
[
GacFbc− 14gabh(F )
]
(3)
is the stress-energy tensor of the electromagnetic field, and
Tmtab and j
a are the stress-energy tensor and electric current of
the perturbation matter fields, respectively. Here G is given
by
G= h′(F )F . (4)
The electric charge of the black hole is defined by
Q=
1
4pi
∫
S∞
?G . (5)
In this paper, we consider the static electrically regular black
hole solutions given by [38]
ds2 =− f (r)dt2+2dtdr+ r2 (dθ 2+ sin2 θdφ 2) ,
A=− q√
2α
[
(3− (µ−3)zν)(1+ zν)−
µ+ν
ν −3
]
dt ,
(6)
with the blackening factor
f (r) = 1− 2M/r
(1+ zν)µ/ν
, (7)
where ν = 2,µ,1 and µ ≥ 3. Here we have defined M= q3/α ,
Q = q/
√
2α and z = q/r. The parameters M and Q are the
mass and electric charge of the black hole, respectively. Then,
the Lagrangian density can be expressed as
h(F ) =
2µ
α
zµ−3(1+ zν)−
µ+2ν
ν [µ−1− (ν+1)zν ] . (8)
In this paper, we would like to consider the situation when
all the matter fields satisfy the null energy condition. For
the solutions above, it is not difficult to verify that only the
case with µ = 3 (therefore ν = 1,2,3) satisfies this condition.
Therefore we only focus on the case with µ = 3 from now
on. This solution reduces to the Bardeen and Hayward black
holes when ν = 2 and ν = 3, individually.
Next, we consider a one-parameter family of spherically
symmetric matter perturbation to the static electrically regular
black holes. Here we assume that the matter collision only
occurs in a finite region of the spacetime and the perturbation
fields vanish on the bifurcation surface B. For simplification,
we denote the dynamical fields by φ(λ ) in this family, where
φ is the collection of gab,A and the perturbation matter fields.
In this family, the equations of motion is expressed as
Rab(λ )− 12R(λ )gab(λ ) = 8pi
[
TEMab (λ )+T
mt
ab (λ )
]
,
∇(λ )a Fab(λ ) = 4pi jb(λ )
(9)
with the condition that Tmtab (0) = j
a(0) = 0 for the background
fields. The spacetime in this case can be described by the line
element
ds2 =− f (r, t,λ )dt2+2α(r, t,λ )drdt
+ r2(dθ 2+ sin2 θdφ 2) ,
(10)
which satisfies f (r, t,0) = f (r) and α(r, t,0) = 1. In this case,
the background fields are described by Eq. (6). With similar
consideration to [26], we also assume that the spacetime satis-
fies the stability condition, which states that at sufficiently late
times, the spacetime is also described by the electrically regu-
lar black hole solution with different parameters which can be
labeled by λ , which means
f (r, t,λ ) = f (r,λ ) = 1− 2M(λ )/r
[1+ z(λ )ν ]3/ν
,
α(r, t,λ ) = 1 , with z(λ ) = q(λ )/r
(11)
at sufficiently late times.
Due to the stability condition, it is not difficult to see that
the stress-energy tensor Tmtab (λ ) and the electric charge current
ja(λ ) vanish at late times. In the above setup, we can intro-
duce a hypersurface Σ = Σ0 ∪Σ1. Here Σ0 is a hypersurface
with a constant radius r = rh, connecting the bifurcation sur-
face B to a two-dimensional surface B1 at a sufficiently late
time. Σ1 is a timeslice when t = t1, which connects B1 and an
asymptotic sphere S∞. Then, the dynamical fields on Σ1 are
described by the expressions in Eq. (11).
III. PERTURBATION INEQUALITIES
In this section, following the discussion in [26], we would
like to derive the first two order perturbation inequalities
for the static electrically regular black holes. Since the La-
grangian cannot be expressed explicitly, below we only con-
sider the off-shell variation of the Lagrangian of the Einstein
part, i.e.,
L=

16pi
R . (12)
Following the notations in [26], we will define
χ = χ(0) , δχ =
dχ
dλ
∣∣∣∣
λ=0
, δ 2χ =
d2χ
dλ 2
∣∣∣∣
λ=0
(13)
3for the quantity χ(λ ) in the configuration φ(λ ). The off-shell
variation of the above Lagrangian gives
δL=Eabg δgab+dΘ(g,δg) , (14)
in which
Eabg =−
1
2
T ab ,
Θabc(g,δg) =
1
16pi
dabcgdeg f g
(
∇gδge f −∇eδg f g
)
.
(15)
Here we have denoted Tab = TEMab + T
mt
ab to the total stress-
energy tensor of the electromagnetic field and the perturbation
matter fields. The symplectic current three-form is defined by
ω(g,δ1g,δ2g) = δ1Θ(g,δ2g)−δ2Θ(g,δ1g) , (16)
and it can be expressed as
ωabc =
1
16pi
dabcwd , (17)
where
wa = Pabcde f
(
δ2gbc∇dδ1ge f −δ1gbc∇dδ2ge f
)
, (18)
with
Pabcde f = gaeg f bgcd− 1
2
gadgbeg f c
− 1
2
gabgcdge f − 1
2
gbcgaeg f d+
1
2
gbcgadge f .
(19)
Considering a variation corresponding to a diffeomorphism
generated by the Killing vector ξ a = (∂/∂ t)a of the back-
ground spacetime, we can define a Noether current three-form
as
Jξ =Θ(g,Lξg)−ξ ·L . (20)
According to the discussion in [2], this current can also be
written as
Jξ =Cξ +dQξ . (21)
From Eqs. (14) and (15), we can obtain the constraint Cξ =
ξ ·C with
Cdabc = eabcTde , (22)
and the Noether current two-form(
Qξ
)
ab =−
1
16pi
abcd∇cξ d . (23)
Based on the above results and the fact thatLξgab = 0 for the
background spacetime, the first-order and second-order varia-
tional identities can be derived and they are expressed as
d[δQξ −ξ ·Θ(g,δg)]+ξ ·Eabg δgab+δCξ = 0 ,
d[δ 2Qξ −ξ ·δΘ(g,δg)] = ω
(
g,δg,Lξδg
)
−δ [ξ ·Eabg δgab]−δ 2Cξ .
(24)
Applying the Stoke’s theorem and considering the assumption
that the perturbation vanishes on B, integration of the first-
order variational identity on Σ gives∫
S∞
[
δQξ −ξ ·Θ(g,δg)
]
+
∫
Σ1
ξ ·Eabg δgab
+
∫
Σ1
δCξ +
∫
Σ0
δCξ = 0 .
(25)
For the first term, according to the stability condition, we can
calculate it by using the explicit expression (11) of the dynam-
ical fields at sufficiently late times. So we have∫
S∞
[
δQξ −ξ ·Θ(g,δg)
]
= δM . (26)
With a similar calculation, it is easy to verify that
T ab(λ )
dgab(λ )
dλ
= 0 (27)
on Σ1, which implies that the second term of Eq. (25) van-
ishes. For the third term, according to Eq. (22), we can further
obtain∫
Σ1
Cξ (λ ) =−
∫ ∞
rh
2M(λ )z(λ )ν [1+ z(λ )ν ]−
3+ν
ν
r
dr
=M(λ )
[
(1+ zh(λ )ν)
−3/ν −1
]
,
(28)
where we have defined zh(λ ) = q(λ )/rh. Then, the third term
reduces to∫
Σ1
δCξ (λ ) =
δM
(1+ zνh )
3/ν −δM−
3Mzνh
q(1+ zνh )
ν+3
ν
δq . (29)
Combining the above results, we have
δM
(1+ zνh )
3/ν −
3Mzνh
q(1+ zνh )
ν+3
ν
δq=−
∫
Σ0
δCξ
= δ
[∫
Σ0
˜Tab(dr)aξ b
]
.
(30)
In the calculation, we have denoted ˜ = dt ∧ ˆ as the volume
element on the hypersurface Σ0. Next, we are going to inves-
tigate the connection between the above variational identity
(34) and the null energy condition of the matter fields. Ac-
cording to the expression (10) of the spacetime metric, we
can choose a null vector field on the hypersurface Σ0 as
la(λ ) = ξ a+β (λ )ra , (31)
in which we have denoted
ra =
(
∂
∂ r
)a
, β (λ ) =
f (rh, t,λ )
2α(rh, t,λ )
. (32)
It is easy to see that β = 0 for the background geometry. Then,
we can calculate the null energy condition under the first-order
approximation of perturbation, that is,∫
Σ0
Tab(λ )la(λ )lb(λ )dt ∧ ˆ' λδ
[∫
Σ0
˜Tab(dr)aξ b
]
≥ 0 .
(33)
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FIG. 1. Radial dependence of blackening factor f (r) to the electric charge q. Here we have set M = 1.
Therefore, the first-order variational identity reduces to
δM− 3Mz
ν
h
q(1+ zνh )
δq≥ 0 . (34)
As mentioned above, the main purpose of this paper is to
investigate whether the above collision process can destroy
the event horizon of the static electrically regular black holes.
From Fig.1, we can see that the black holes can be destroyed
by adding the charge of the spacetime, which means that the
optimal choice to violate the black hole configuration is to
saturate the first-order perturbation inequality (34), i.e.,
δM− 3Mz
ν
h
q(1+ zνh )
δq= 0 . (35)
This also gives δ
[√−gTab(dr)aξ b]= 0 on Σ0. Straight calcu-
lation yields that this condition is equivalent to ∂tδ f (rh, t)= 0,
where we have defined
δ f (r, t) =
∂ f (r, t,λ )
∂λ
∣∣∣∣
λ=0
. (36)
For the second-order variational identity in Eq. (14), by in-
tegrating it on the hypersurface Σ and using the Stokes’s the-
orem, we have∫
S∞
[
δ 2Qξ −ξ ·δΘ(g,δg)
]
+
∫
Σ1
δ [ξ ·Eabg δgab]
+
∫
Σ1
δ 2Cξ +
∫
Σ0
δ 2Cξ −EΣ1 −EΣ0 = 0,
(37)
where we have defined
EΣi =
∫
Σi
ω(g,δg,Lξδg) (38)
with i = 0,1. According to Eq. (27) as well as the fact that
Lξφ(λ ) = 0 on Σ1, the second and fifth terms of the Eq. (37)
vanish. For the first term, calculating it in a similar way to the
first-order identity, we have∫
S∞
[
δ 2Qξ −ξ ·δΘ(g,δg)
]
= δ 2M . (39)
For the third term, from Eq. (28), we can further obtain∫
Σ1
δ 2Cξ =
δ 2M
(1+ zνh )
3/ν −δ 2M−
3Mzνh
q(1+ zνh )
ν+3
ν
δ 2q
− 3Mz
ν
h (ν−1+2zνh )δq2
q2(1+ zνh )
2ν+3
ν
,
(40)
where we have used the optimal first-order perturbation in-
equality (35). For the last term, based on the explicit expres-
sion of the matric (10), we can obtain
EΣ0 =
rh
2
∫ t1
t0
dt [∂tδα(rh, t)δ f (rh, t)−δα(rh, t)∂tδ f (rh, t)]
=
rh
2
δα(rh, t1)δ f (rh, t1) = 0 ,
(41)
where t = t0 denotes the coordinate of the bifurcation surface
B, and
δα(rh, t) =
∂α(rh, t,λ )
∂λ
∣∣∣∣
λ=0
(42)
is the variation of the function α(r, t,λ ). In the above calcu-
lation, we have used the optimal condition of the first-order
inequality as well as the fact that α(rh, t1,λ ) = 1 on B1.
Summing up the above results, the second-order variational
identity becomes
δ 2M
(1+ zνh )
3/ν −
3Mzνh
q(1+ zνh )
ν+3
ν
δ 2q− 3Mz
ν
h (ν−1+2zνh )δq2
q2(1+ zνh )
2ν+3
ν
=−
∫
Σ0
δ 2Cξ = δ 2
[∫
Σ0
˜Tab(dr)aξ b
]
.
(43)
Considering the optimal condition of the first-order perturba-
tion inequality, the null energy condition under the second-
order approximation gives∫
Σ0
Tablalbdt ∧ ˆ' λ
2
2
δ 2
[∫
Σ0
˜Tab(dr)aξ b
]
. (44)
Then, after taking the null energy condition into account, the
second-order variational identity reduces to
δ 2M− 3Mz
ν
h
q(1+ zνh )
δ 2q− 3Mz
ν
h (ν−1+2zνh )δq2
q2(1+ zνh )
2 ≥ 0 .(45)
IV. GEDANKEN EXPERIMENTS TO DESTROY THE
REGULAR BLACK HOLES
In this section, we would like to utilize the new version of
the gedanken experiments to overcharge the nearly extremal
static electrically regular black holes. Under the assumption
of the stability condition, the key point is to check whether the
5spacetime geometry also describes a black hole at sufficiently
late times. Therefore, we define the function
h(λ ) = f (rm(λ ),λ ) (46)
to describe the minimal value of the blackening factor at suf-
ficiently late times. Here rm(λ ) is the minimal radius of the
blackening factor, and it can be obtained by
f ′(rm(λ ),λ ) = 0 , (47)
which gives
zνm = 1/2 , δ rm = 2
1/νδq , (48)
with zm = q/rm. If h(λ )≤ 0, the line element at late times de-
scribes a black hole geometry. If h(λ )> 0, there does not ex-
ist the event horizon for the late-time geometry and the black
hole is destroyed. Under the second-order approximation of
perturbation, we have
h(λ )' 1− 2M
qγ
− 2λ
qγ
(
δM− M
q
δq
)
− λ
2
qγ
(
δ 2M− M
q
δ 2q− 2δMδq
q
+
2M
q2
δq2
)
,
(49)
where we have set γ = (27/4)1/ν . Next, we consider the case
where the background spacetime is a nearly extremal black
hole, which implies that there is a small parameter ε such that
zνm = (1+ ε)zνh , i.e.,
zνh =
1
2
(1− ε) . (50)
According to f (rh) = 0, one can further obtain
M =
1
2
γq+
γqε2
6ν
. (51)
Following a similar setup to [27], we also assume that ε is
of the same order to the variational parameter λ . According
to Eq. (50), the optimal first-order variational identity can be
expressed as
δM− M
q
δq+
2Mδqε
3q
= 0 (52)
under the first-order approximation of ε . And the second-
order perturbation inequality reduces to
δ 2M− M
q
δ 2q− 2νMδq
2
3q2
≥ 0 . (53)
Utilizing these results, Eq. (49) becomes
h(λ )≤− ε
2
3ν
+
2δqε
3q
− νδq
2
3q2
=− (qε−νδq)
2
3q2ν
≤ 0 .
(54)
The above result indicates that the nearly extremal static
electrically regular black holes cannot be overcharged by
the spherically collision process under the second-order
approximation as long as the matter fields satisfy the null
energy condition.
V. CONCLUSION
In this paper, we performed the new version of the
gedanken experiments proposed by Sorce and Wald to over-
charge a nearly extremal static electrically regular black hole.
After introducing the stability conditions of the spacetime as
well as the null energy conditions of matter fields, we derived
the first-order and second-order perturbation inequalities of
the perturbation matter fields based on the Iyer-Wald formal-
ism. As a result, we found that these regular black holes can-
not be destroyed under the second-order approximation after
these two inequalities are taken into account, even though they
are not protected by the WCCC. These results imply that the
event horizons may be protected for all of the black holes and
there might be some other deeper mechanisms to protect it
than the WCCC, such as the second law of the black holes.
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